Abstract. This paper studies a minimax problem for functionals in Hubert space in the form of G(u) = j^||w||2 -g(u), where g(u) is Fréchet differentiable with weakly continuous derivative.
y í2>í,>o t2 -íi i2>í,>o h-h j then g'(u) = pu has a nonzero solution u for a dense subset of p e Jq ■
Formulation of results
If g is a C1-functional on a Hubert space and « is a critical point of g on a sphere, then g'(w) = pu, p 6 R. This approach to semilinear elliptic equations has been known for decades (cf. [1, 2] ), but a question of the range of p has remained open. A recent series of papers (cf. [7] and references therein) provides an answer that can be summarized as follows.
Let H be an infinite dimensional Hilbert space and let g : H -> R be a C1-map (with respect to Fréchet differentiation). Let Hw be the space H supplied with the weak topology. Assume that (1.1) geC(Hw^R), (1.2) g'eC(Hw^H). (By continuity we always mean local contiuity without uniform bounds.)
In applications to semilinear elliptic problems condition (1.1)-(1.2) correspond to the subcritical growth of the right-hand side.
Consider the following function (1.3) y(t)= sup g(u).
Theorem 1.1. Assume (1.1), (1.2) . The function (1.3) is continuous, nondecreasing and possesses left-and right-hand derivatives y'_(t) < y'+(t). For every t > 0 such that y'+(t) ^ 0 (yL(t) ^ 0) there exist u+ e H (u-e H) such that (1.4) ll"±ll2 = i, g(u±) = y(t), and (1.5) 2y'±(t)u± = g'(u±).
In other words, the spectrum {p} of the problem (1.6) pu = g'(u), ueH\{0}, contains all the tangent slopes from the graph of 2y(t). If y(t) had a continuous derivative, then (1.6) would be solvable for all
However, y(t) is not necessarily differentiable (cf. [7] ). On the other hand, [7] gives sufficient conditions for (1.6) to be solvable with p e Jo . The argument of [7] involves a mountain pass lemma with an additional condition of the (PS)-type which we avoid here. [4] . Section 2 contains the proof of Theorem 2.1. Section 3 discusses applications to semilinear elliptic problems. The tangible benefit of Theorem 1.2 is not a mountain impasse itself (which to our best understanding was never observed in elliptic problems), but a relation between solvability and priori bounds, widely used before in the topological approach. We will discuss this in more detail at the end of §3.
Mountain impasse theorem
Let (2.1) GeCl(H-+R), G' eC(Hw^Hw) be a weakly lower semicontinuous functional with a mountain pass geometry, as follows. Let ô > 0, t0>0, e e H, \\e\\2 > to and assume that (2.2) G(u) > 20 > 0 for ||«||2 = i0, while C7(0), G(e) < 0.
We assume that G has no critical points:
The following condition will also be required:
if uk^ Uo, \im.suo(G' (uk), uk) < 0 and
We should note that this condition of a weak (PS) type becomes a mere weak continuity condition when G is as in (3.2). Let (2.5) S, = {ueH :\\u\\2 = t}, B, = {u € H : \\u\\2 < t}.
For every t > \\e\\2 we define O(i) as a collection of paths <p e C([0, 1] -+ Bt)
such that (2.6) The right-hand side in (2.27) is locally Lipschitz continuous in a and thus the problem has a unique C1-solution a defined for all h . Note that if cp = 0 or cp -e, then so is a for all h .
(2) Let cpj G O(í) be a minimizing sequence for (2.7) and a¡ be correspondent solutions of (2.27)-(2.28). Then for tx e (t, 2t), we obtain (2.30). In the further course of the proof h will be subject to additional bounds from above. Thus II«;|| -> co. D
Applications to elliptic problems
We wish to show now that Theorem 2.1 implies Theorem 1.2. Our argument is somewhat repetitious of [7] and we omit details. If the function T(t) has a point of a local minimum on (0, co), then G has a nonzero critical point (cf. [6] or [7] ), which contradicts the assumptions. If the function F(t) is monotone, then by Theorem 1.2 all the derivatives of y(t) must be either greater or smaller than \po which contradicts (3.1). The remaining possibility is that Y(t) has a global maximum at t = to G (0, co). Then (2.2) is satisfied with the following choices. Let tx > to and let e be an element of a maximizing sequence for g on Stl , such that (3.4) \potx -g(e) + c< M + c, where (3.5) M=\poto-y(to). Finally, set This statement is an elementary corollary of Theorem 1.2. There are several important results which establish a priori bounds in L°°m otivated by the topological approach to (3.8) (cf. [3] and references therein). The following statement uses an argument from [3] . Corollary 3.2. Let n>3, Q be starshaped, f > 0, and let ," , ., F(s) , , . r . , 2« (3.14) --be a decreasing function near s -+oo with some a <-. sa n -2
Then the problem (3.8) satisfies the condition (3.14) and consequently is solvable for all p € JoProof. Since Q is starshaped, a well-known Pohozhaev-Rellich identity (resulting from multiplication of (3.8) by (x • V)w) provides (3.15) pM2<Jl_J F(u).
At the same time, multiplication of (3.8) by u gives (3.16) P\\u\\2= If(u)u.
From (3.15) and since the problem might have only positive solutions, one has (3.17) f F(u)<ct f f(u)u + c, cgR.
